INTRODUCTION
In the United States, the estimated size (cumulative production plus remaining reserves) of oil and gas fields typically increases through time as fields are discovered, developed, and produced (e.g., Arrington, 1960; Attanasi and Root, 1994) . This phenomenon is usually referred to as reserve growth or field growth; the term "reserve growth" is used here.
Reserve-growth patterns of individual fields are highly variable. Indeed, the sizes of some fields are observed to decrease through time. However, for United States fields as a whole, collective reserve growth is strongly positive and is a major component of remaining United States oil and natural-gas resources (Gautier and others, 1995; U.S. Geological Survey National Oil and Gas Resource Assessment Team, 1995; Schmoker and Attanasi, 1997) .
International oil and gas fields also show clear evidence of reserve growth (e.g., Root and Attanasi, 1993; Oil & Gas Journal, 1996, p. 37; U.S. Geological Survey World Energy Project, private communication, 1999) , even though criteria for estimating and reporting field sizes can be quite different from those of the United States. Worldwide, reserve growth has the potential to become very important in the future, especially for gas, as demand increases and opportunities for new large-field discoveries decrease. For these reasons, projections of the future reserve growth of known fields have become important, and in our view, necessary components of petroleum resource assessments.
Algorithms for estimating the future growth of known fields usually utilize the age of fields (years since discovery) as a predictive variable, on the assumption that age is a surrogate for the degree of the development activity that generates reserve growth. Two additional assumptions implicit in most reserve-growth models are: (1) reserve growth of a field is proportional to its field size, and (2) patterns of past reserve growth provide some basis for forecasting future reserve growth.
Schmoker and Crovelli (1998) presented an algorithm (a deterministic method) for estimating future reserve growth of oil and gas fields that incorporates the fundamental reserve-growth assumptions listed in the preceding paragraph, but which is programmed for a personal computer in the form of formulas for a Microsoft Excel spreadsheet. Major advantages of this spreadsheet program include its simplicity and ease of use. However, like all other published reserve-growth models of which we are aware, this program (Schmoker and Crovelli, 1998) generates single-value (point) estimates of future reserve growth, in contrast to estimates in the form of probability distributions.
The purpose of this report is to explain an analytic probabilistic method and spreadsheet software system called probabilistic reserve growth spreadsheet (PREGS). The probabilistic method herein is a probabilistic extension of the deterministic method of Schmoker and Crovelli (1998) . The PREGS method is based upon mathematical equations derived from probability theory. The PREGS spreadsheet can be used to calculate probabilistic estimates of reserve growth of oil and gas reserves. First, the deterministic method is reviewed; second, the probabilistic method is derived; and third, the spreadsheet system is described.
DETERMINISTIC METHOD
The spreadsheet that implements the deterministic method (Schmoker and Crovelli, 1998) for estimating future growth of oil and gas reserves is shown in figure 1 . The data used to illustrate the spreadsheet system are based on successive annual estimates made between 1977 and 1991 of the sizes of lower 48 United States gas fields [these data were compiled by the U.S. Department of Energy and summarized in table 2 of Attanasi and Root (1994) ].
Input Data
Column A of figure 1A and IB identifies the age classes to which the input data of columns B and C apply, and is not used in the spreadsheet calculations. Age (column A) is defined as years since discovery.
In the deterministic method, a growth function is composed of a set of growth factors. A growth factor is a dimensionless parameter, that is, a multiplicative constant representing proportional growth. The growth function of column B is composed of seventeen 10-year growth factors (rows 2 through 18). Each 10-year growth factor applies to fields of a particular age or range of ages, as indicated by column A. For example, the 10-year growth factor of 1.529 in cell B7 applies to fields that are 5 years old. The size of fields 5 years of age would be multiplied by 1.529 to forecast the size of these same fields 10 years later, when they have become 15 years old.
Rows 2 through 18 of column C ( fig. 1A and IB) list the volumes of petroleum that will be "grown" by the 10-year growth factors of column B. In this illustration, the values in column C are the totals of the estimated sizes of lower 48 United States gas fields as of 1977 for each of the 17 field-age classes of column A. For example, the size as estimated in 1977 of lower 48 gas fields 5 years of age (those discovered in 1972) is 5,400 billion cubic feet of gas (bcfg) (cell C7).
Calculations
The formulas shown in columns D through L ( fig. 1A ) are used to calculate future growth of the petroleum volumes tabulated in column C. The headings of columns D through L (row 1) indicate that the spreadsheet program calculates reserve growth from 10 to 90 years beyond the date associated with the field-size estimates of column C, at 10-year increments. (from Schmoker and Crovelli, 1998) The spreadsheet algorithm can be explained by considering how reserve growth is calculated for the fields of a single age class. Consider the fields that were 5 years old (row 7) in 1977, when the field sizes of column C were estimated. To calculate the first growth increment of 10 years, the petroleum volume in cell C7 is multiplied by the 10-year growth factor that applies to 5-year-old fields (cell B7). This multiplication is done in cell D7. In the example used here, the total estimated size of 5-year-old fields of 5,400 bcfg grows to 8,257 bcfg ( fig. IB, cell D7 ), after the first 10-year growth period.
After 10 years of growth, fields that were 5 years old have become 15 years old. Therefore, to calculate the second growth increment of 10 years, the petroleum volume in cell D7 is multiplied by the 10-year growth factor that applies to 15-year-old fields, which is in cell BIO. This multiplication is done in cell E7. The total estimated size of 5-year-old fields of 5,400 bcfg grows to 10,106 bcfg (fig. IB, cell E7), after two 10-year growth periods.
Fields that were 5 years old have become 25 years old after two 10-year growth periods.
The 10-year growth factor that applies to 25-year-old fields is in cell Bl 1 and the multiplication process continues. The estimated size of 5-year-old fields grows from 5,400 bcfg to 20,129 bcfg (fig. IB, cell L7) after nine 10-year growth periods. Reservegrowth calculations for the other age classes proceed similarly.
Rows 2 through 18 of each column (except columns A and B) are summed in row 20 ( fig.  1 ). Thus, cell C20 contains the total initial volume of all the fields that are to be grown (463,656 bcfg in this example), cell D20 contains the total volume of these same fields increased by 10 years of reserve growth (557,163 bcfg), cell E20 contains the total volume of these same fields increased by 20 years of reserve growth (629,585 bcfg), and so on. The total volume of petroleum attributable to reserve growth following each 10-year growth increment is calculated in row 22 by subtracting cell C20 (the total initial volume) from cell D20 (the total volume after 10 years of reserve growth), from cell E20 (the total volume after 20 years of reserve growth), etc. In this example, total reserve growth in the 90 years between 1977 and 2067 is projected to be 480,816 bcfg (fig. IB, cell L22).
PROBABILISTIC METHOD
In the probabilistic method, a growth function is composed of a set of growth variables. A growth variable is a dimensionless random variable having a probability distribution. In contrast, a growth factor (previous section) is a multiplicative constant. It is important to the understanding of this paper to keep these two definitions in mind. Each 10-year growth variable, like the corresponding 10-year growth factor, applies to fields of a particular age or range of ages. The growth variable in the probabilistic method is related to the growth factor in the deterministic method as follows: the mean value of a growth variable is set equal to its corresponding growth factor.
The mean-based left-triangular probability distribution (figure 2) is used here as a probability model for the random variable X: growth variable (dimensionless). The rightskewed shape of the left-triangular probability distribution is appropriate as a probability model for a growth variable, whereby high probability of low growth values tapers off to low probability of high growth values. The left-triangular probability distribution is described in Law and Kelton (1991, p. 516) . The defining parameters of the mean-based left-triangular probability distribution are the minimum (a) and mean (^u). From the defining parameters, the standard characterizing parameters of the left-triangular probability distribution are obtained: minimum (a) and maximum (b). Namely, given the formula for the mean in terms of a and b
We solve for the maximum, b, and get
The probability density function for the left-triangular distribution is given by Figure 2 . Left-triangular probability distribution of growth variable (dimensionless) where a: minimum, b: maximum, \i\ mean, and fractile F100/? for 0< p <1.
The graph of the probability density function for the left-triangular distribution of the growth variable is displayed in figure 2.
The standard deviation is equal to
The fractiles can be computed from where P(X >F100p) = p For example, the median (where p -0.50) can be shown to be Suppose we denote the parameter c: initial petroleum volume, that is, the volume of petroleum that will be "grown" (for example, column C of figure 1). Then the random variable cX represents the grown petroleum volume (total estimated size) after the first growth period. It can be proved that the random variable cX is also distributed as a lefttriangular probability distribution with characterizing parameters: minimum (cd) and maximum (cb). The mean, standard deviation, and fractiles of cX are the following:
In general, the calculated future growth is based upon a series of multiplications by the appropriate growth variables, as in the case of the growth factors in the previous section and shown in figure 1 A. Let us denote the random variable YI : grown petroleum volume (total estimated size) after the j'th growth period. The growth process can be described as a stochastic process consisting of the set of random variables {Y,-} where i -0, 1, 2, 3, ..., n. Note that YO represents the initial petroleum volume c. Also, X/ represents the growth variable that is applied in the zth growth period, where i -1, 2, 3, ...,«. Therefore, we have the following sequence of grown petroleum volumes after i growth periods for i -0, 1, 2, 3, ...,«: rH_,xa =0x^X3.^= e x
This stochastic process can be viewed as an example of the law of proportionate effect. The law of proportionate effect as stated by Aitchison and Brown (1957) is:
A variate subject to a process of change is said to obey the law of proportionate effect if the change in the variate at any step of the process is a random proportion of the previous value of the variate.
The importance of the law is embodied in the following theorem:
A variate subject to the law of proportionate effect tends, for large n, to be distributed as a two-parameter lognormal distribution, that is, asymptotically lognormally distributed in a two-parameter form.
The lognormal probability distribution is a good approximate distribution for a product of independent random variables -the approximation becoming better with more variables (multiplicative central limit theorem for independent random variables). Hence, the fractiles of F, where /'= 2, 3, ..., n can be approximated by using the lognormal distribution. As derived in Crovelli (1992) , the characterizing parameters of the lognormal distribution, namely mu (|i) and sigma (a), can be calculated from the mean jiy and standard deviation <5y of a lognormal random variable Y as follows / \ A Knowing the lognormal characterizing parameters, the lognormal fractiles can be calculated from the formula Where Z is a standard normal random variable and P(Z > zp} -p.
The two fractiles of most interest in this report are
At the core of the above stochastic process is the product of independent random variables in the form of YX, where Y represents a petroleum volume and X represents a growth variable. The mean, standard deviation, minimum, and maximum of YX are as follows:
Suppose there are m initial petroleum volumes, that is, we are now interested in m volumes of petroleum that will be "grown." For example in the deterministic case, figure 1 (column C) lists m = 17 initial petroleum volumes, two of which are zero. Let us denote the random variable F,y : jth grown petroleum volume (total estimated size) after the ith growth period, where; = 1, 2, 3, ..., m. Note that Y0j represents thejth initial petroleum volume Cj. Then the total grown petroleum volume after the ith growth period (Si) would be the sum /<?r * = 0,1,2,3,...,* /=! Notice that the total initial petroleum volume is For example in the deterministic case, So corresponds to cell C20 of figure 1 .
Finally, the reserve growth after the ith growth period = (total grown petroleum volume after the fth growth period) -(total initial petroleum volume). That is, Also, we have total reserve growth after the nth growth period = reserve growth (71).
A simplifying assumption for purposes of mathematical tractability will be made concerning the nature of the Yy series for; = 1, 2, 3, ..., m. The assumption of perfect positive correlation is made for these random variables. Under the assumption of perfect positive correlation, the standard deviations and fractiles are additive. (The means are always additive.) That is, the mean, standard deviation, and fractiles of S, are 7=1 <7 =
7=1
Because of the simplifying assumption, we have
The probability of Sf being within the range from (F95),-to (F5), is at least 0.90.
Also under the assumption of perfect positive correlation, the mean, standard deviation, and fractiles of RI are m m
7=1 7=1
The probability of Ri being within the range from (F95)/ to (F5), is at least 0.90.
SPREADSHEET SYSTEM
The analytic probabilistic method described in the previous section is incorporated into a spreadsheet software system called probabilistic reserve growth spreadsheet (PREGS). PREGS consists of a series of ten panels in the spreadsheet. A panel is a set of approximately 11 columns of related calculations.
Note that column A of Panel 1 in the probabilistic spreadsheet is the same as column A in the deterministic spreadsheet (figure 1). Panel 1 includes the input of the defining parameters of the mean-based left-triangular probability distribution for each growth variable X in the growth function: mean (column B) and minimum (column D). Note that column B in the probabilistic spreadsheet is the same as column B in the deterministic spreadsheet. From the defining parameters, the maximum (column J) is computed, and then the other descriptive parameters: standard deviation (column C) and fractiles F95, F75, F50, F25, and F5 (columns E through I). For example, the 10-year growth variable with parameters in cell B9 (mean of 1.529) through cell J9 applies to fields that are 5 years old. The known estimated size of fields to be grown is also entered (column K).
Note that column K in the probabilistic spreadsheet is the same as column C in the deterministic spreadsheet. For example, the size as estimated in 1977 of lower 48 gas fields 5 years of age (those discovered in 1972) is 5,400 billion cubic feet of gas (bcfg) (cell K9). The total initial petroleum volume So is 463,656 bcfg (cell K22).
Panel 2 comprises the computed descriptive parameters of the left-triangular probability distribution for the grown petroleum volumes after the first growth period YIJ, and the corresponding estimates of reserve growth Rj (row 24): mean, standard deviation, and fractiles. Note that column L in the probabilistic spreadsheet is the same as column D in the deterministic spreadsheet (figure 1). For example, the total estimated initial size of 5-year-old fields of 5,400 bcfg grows to 8,257 bcfg (mean estimate in cell L9) with a range from 5,617 bcfg (F95 estimate in cell O9) to 12,054 bcfg (F5 estimate in cell S9), after the first 10-year growth period. The reserve growth is projected to be 93,507 bcfg (mean estimate in cell L24) with a range from 7,103 bcfg (F95 estimate in cell O24) to 217,794 bcfg (F5 estimate in cell S24), after the first 10-year growth period.
Panel 3 includes the computed descriptive parameters of the lognormal probability distribution for the grown petroleum volumes after the second growth period Y2j, and the corresponding estimates of reserve growth R2 : mean, standard deviation, and fractiles. The mean (column U) and standard deviation (column V) are used to compute the characterizing parameters of the lognormal distribution: mu (column W) and sigma (column X) which, in turn, are used to compute the fractiles. Note that column U in the probabilistic spreadsheet is the same as column E in the deterministic spreadsheet. For example, the total estimated initial size of 5-year-old fields of 5,400 bcfg grows to 10,106 bcfg (mean estimate in cell U9) with a range from 6,209 bcfg (F95 estimate in cell Z9) to 15,264 bcfg (F5 estimate in cell AD9), after the second 10-year growth period. The reserve growth is projected to be 165,929 bcfg (mean estimate in cell U24) with a range from 29,855 bcfg (F95 estimate in cell Z24) to 332,862 bcfg (F5 estimate in cell AD24), after the second 10-year growth period. Panels 4 through 10 are computationally similar in their composition to Panel 3. They compute the respective probabilistic estimates of reserve growth after the ith growth period for / = 3,4, ...,9.
In the example used to illustrate PREGS, the system is applied to data based on successive annual estimates made between 1977 and 1991 of the sizes of lower 48 United States gas fields. The results of this application (Panels 1-10) are summarized in the graph displayed in figure 3 . The probabilistic estimates of future reserve growth of lower 48 United States gas fields are in the form of a mean estimate with a range from a low F95 estimate to a high F5 estimate for nine growth periods (10-year increments).
SUMMARY
The major objective of this report is the development of a probabilistic method and spreadsheet system, called the PREGS system, for estimating future growth of oil and gas reserves. The primary advantages of the PREGS system are several-fold. The probabilistic method utilizes the same data as required by its deterministic predecessor in Schmoker and Crovelli (1998); most importantly, no additional data are needed. All of the advantages of the deterministic system carry over to the probabilistic system. The mean estimates computed by the probabilistic system equal the point estimates computed by the deterministic system. Additionally, the probabilistic system also computes a range of low and high estimates. Many operational benefits accrue from incorporating an analytic probabilistic method into a computer software spreadsheet. Panel 2 of PREGS. Probabilistic spreadsheet system for estimating future oil-and gasreserve growth: after one growth period (in this application, 10 years). Panel 3 of PREGS. Probabilistic spreadsheet system for estimating future oil-and gasreserve growth: after two growth periods (in this application, 20 years Figure 3 . Graph of probabilistic estimates of future reserve growth of lower 48 United States gas fields in the form of a mean estimate together with a range from a low F95 estimate to a high F5 estimate for nine growth periods (10-year increments). Units for reserve growth are trillion cubic feet of gas. This example is derived from the results shown in Panels 1-10.
